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Abstract. A theoretical foundation for a generalization of the elliptic difference 
Painleve equation to higher dimensions is provided in the framework of birational 
Weyl group action on the space of point configurations in general position in a 
projective space. By introducing an elliptic parametrization of point configurations, 
a realization of the Weyl group is proposed as a group of Cremona transformations 
containing elliptic functions in the coefficients. For this elliptic Cremona system, a 
theory of r-functions is developed to translate it into a system of bilinear equations 
of Hirota-Miwa type for the r-functions on the lattice. Application of this approach 
is also discussed to the elliptic difference Painleve equation. 

1 Introduction 

The main purpose of this paper is to provide a theoretical foundation for a generalization 
of the elliptic difference Painleve equation to higher dimensions in the framework of 
birational Weyl group actions on the spaces of point configurations in general position in 
projective spaces. 

Since the pioneering work of Grammaticos, Ramani, Papageorgiou and Hietarinta [S], 
discrete Painleve equations have been studied from various viewpoints. A large class 
of second order discrete Painleve equations, as well as their generalizations, has been 
discovered through the studies of singularity confinement property, bilinear equations, 
affine Weyl group symmetries and spaces of initial conditions (see JHl : El j C3 j EOI v ■ •)• 
For historical aspects of discrete Painleve equations, we refer the reader to the review of 
Grammaticos- Ramani [J. 

Among many others, we mention here the geometric approach proposed by Sakai |20| 
for a class of discrete Painleve equations arising from rational surfaces. Each equation 
in this class is defined by the group of Cremona transformations on a certain family 
of surfaces obtained from the projective plane P^(C) by blowing-up. According to the 
types of rational surfaces, those discrete Painleve equations are classified in terms of 
affine root systems. Also, their symmetries are described by means of affine Weyl groups. 
The elliptic difference Painleve equation, which is regarded as the master equation for all 
discrete Painleve equations of this class, is a discrete dynamical system defined on a family 



of surfaces parametrized by the 9-point configurations in general position in (C) ; the 
corresponding group of Cremona transformations is the afhne Weyl group of type E^^^"^ . As 
we have shown in |7j , this system of difference equations can be transformed into the eight- 
parameter discrete Painleve equation of Ohta-Ramani-Grammaticos _15 , constructed 
from a completely different viewpoint of bilinear equations for the r-functions on the Eg 
lattice. It is also known by 7 that the elliptic difference Painleve equation has special 
Riccati type solutions obtained by linearization to the elliptic difference hypergeometric 
equation. This gives a new perspective of nonlinear special functions to the elliptic 
hypergeometric functions which have been studied for instance by Frenkcl-Turaev in 
the context of elliptic 6-j symbols and by Spiridonov-Zhedanov 21 in the theory of 
biorthogonal rational functions on elliptic grids. 

Generalizing the geometric approach to the elliptic difference Painleve equations, in 
this paper we investigate the configuration space Xm^„ of n points pi,...,Pn in gen- 
eral position in the projective space P™^^(C). It is well-known 2] that the Weyl group 
Wm,n associated with the tree T2^m,n-m can be realized as a group of birational trans- 
formations on the configuration space Xm^„. Through the Wm_„-equivariant projection 
^m,n+i ^m,n that maps [pi, . . . ,Pn,<l] to [pi, . . . ,Pn], from the birational action of 
Wm,n on X„i,„+i we obtain a realization of the Weyl group Wm.n as a group of Cremona 
transformations on g G P'"~^(C) parameterized by the configuration space Xm^„. Note 
that in the case when (m, n) — (3,9), (4,8) or (6,9), the Weyl group Wm.n is the affine 

Weyl group of type e''^\ E^^^ or E^^\ respectively; this group Wm,n = W{Ei^^) decom- 
poses into the semidirect product of the root lattice Q{Ei) and the finite Weyl group 
W{Ei). In each of the three cases, through the birational action of Wm,n on X„i.n+i, 
the lattice part of the affine Weyl group provides a discrete Painleve system on P"'^^(C) 
with parameter space X„j_„. The discrete Painleve system of type (3,9) thus obtained 
contains the three discrete Painleve equations, elliptic, trigonometric and rational, with 
W^(£'g^'') symmetry in Sakai's table. 

In this framework of configuration spaces, in Section^we construct a Wm,n-equivariant 
meromorphic mapping ipm.n '■ hm,n — > ^■m,n by means of elliptic functions, where t)m,n 
denotes the Cartan subalgebra of the Kac-Moody Lie algebra associated with the tree 
T2,m,n-m- If wc regard the birational VFm^„-action on X^ „ as a system of functional 
equations for the coordinate functions, a 'canonical' elliptic solution is provided by the 
meromorphic mapping (pm,n- Its image also specifies a Wm,n-stable class of n-point con- 
figurations in P™^^(C) in which the n points are on an elliptic curve. By restricting 
the point configurations to this class, from the birational Weyl group action of Wm,n 
we obtain a realization of Wm.n as a group of Cremona transformations on 
P™~'^(C) parametrized by elliptic functions, which we call the elliptic Cremona system 
of type (m, n). In Section [3 we develop a theory of r-functions for this elliptic Cremona 
system of type (m, n), and show that it is translated into a system of bilinear equations 
of Hirota-Miwa type for the r-functions on the lattice. After that we reconsider the case 
of the elliptic difference Painleve system of type (3, 9) in the scope of the general setting 
of this paper. There we give explicit description for some of the discrete time evolutions, 
in terms of homogeneous coordinates in Section El and in the language of geometry of 
plane curves in Section 
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The r-function approach developed in this paper can be apphed effectively to the 
study of special hypergeometric solutions of the elliptic Painleve equation and its degen- 
erations. Also, it is an important problem to complete the framework of „ of point 
configurations in general position, so that it should contain all reasonable degenerate 
configurations as in Sakai's table. These subjects will be investigated in our subsequent 
papers. 



2 Point configurations and Cremona transformations 

Let Xm,n be the configuration space of n points in general position in P™~^(C) (n > 
m > 1). We say that an n-tuple of points (pi, . . . ,p„) in P™^^(C) is in general position 
if pi, . . . ,pn are mutually distinct, and n {pi, . . . ,p„}) < m for any hyperplane 

H in P'"~^(C). We denote by [pi, . . . ,Pn] the corresponding configuration, namely, the 
equivalence class of (pi, . . . ,p„) under the diagonal PGL^ (C)-action. By fixing a system 
of homogeneous coordinates for P™~^(C), the configuration space „ may be identified 
with the double coset space 

X™,„ = Gi™(C)\Mat:„,„(C)/r„, (1) 

where Mat^ „ (C) stands for the space of all m x n complex matrices whose mxm minor 
determinants are all nonzero, and T„ = (C*)" for the diagonal subgroup of Gi„(C). The 
configuration space X,„,n has the structure of an affine algebraic variety, isomorphic to 
a Zariski open subset of C(™-i)("-™-i) (see for instance). Also, it is known [T], [2 
that the Weyl group associated with the tree 



T, 



2,m,n—m • 



(2) 



Oil a2 dm Ctm + 1 On-l 



acts birationally on X^.n- This Weyl group Wm,n = W{T2.m^n-m) is generated by the 
simple reflections sq, si, . . . , s„-_i with the following fundamental relations. 

sf — 1 cii aj 

Wm,n = {S0,S1: ■ ■ ■ ,Sn-l) ■ SiSj^SjSi O O (3) 

SiSjSi — SjSiSj O O 

As we will recall below, Wm.n is realized as a group of birational transformations of Xm,n 
by the standard Cremona transformations with respect to m points among pi, . . . ,p„. 

Given a set of m points pi , . . . , Pm in general position, choose a system of homogeneous 
coordinates x = {xi, . . . , Xm) such that 

pi-(l:0:...:0), P2 = (0 : 1 : . . . : 0), = (0 : . . . : : 1). (4) 

Then the standard Cremona transformation with respect to (pi, . . . ,Pm) is the birational 
transformation p — > p of P™^^(C) defined by p = (x^^ : . . . : a;"-'^) for any p = {xi : 
... : Xm) with Xi ^ (i = l,...,m). Note that this transformation depends on the 
choice of homogeneous coordinates, and is determined only up to the action of (C*)™. 
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The birational (right) action of Wm.n on X„i.„ is then defined as follows. Firstly, the 
symmetric group ©„ acts on Xm,n by the permutation of n points: 



[pi, . . . ,Pn].Cr = \pa{l), ■ ■ ■ ,Pa{n)] (o^ G S„). 



(5) 



The adjacent transpositions sj = (j, j + {j = 1, . . . , n — 1) provide the simple reflections 
attached to the subdiagram of type All— I i'^ ^2,m,n— m* The reniaiiiiiig simple reflection 
So is given by the (well-defined) birational transformation 



,Pn]-So = [Pl, ■ • • ,Pm,Pm+l, 



(6) 



in terms of the standard Cremona transformation p ^ p with respect to the first m 
points (pi, . . . ,Pm)- These birational transformations Sq, Si, . . . , s„_i in fact satisfy the 
fundamental relations for the simple reflections of Wm,n- We also remark that, for each 
subset {ji, ■ ■ ■ ,jm} C {1, .... n} of mutually distinct m indices, the standard Cremona 
transformation with respect to (pj^, . . . ,Pj^) is determined as cr^j^^.. ^^ = asoa~^ G Wm,n 
by a permutation cr S (3„ such that tT(a) = ja for a = 1, .... m. 

The right birational action of Wm,n on Xm,n induces a left action of Wm,n on the 
fleld A^(Xm,n) of rational functions on Xm,n as a group of automorphisms: For each 
if G K{%rn,n) and w G Wm,n, we define G /C(XTO,n) by 

■W('P)([P1, • . • ,P„]) = </'([pi, • • • ,Pn]-W) (7) 

„ . Let us consider the set Um n of all matrices U G 



for any generic [pi,...,p„] G 
MatTO,„(C)* of the form 



U 







1 



10 1 Wm-l,m+2 

011 1 



"^m— l,n 

1 



(8) 



at 



It is easily shown that each (GLm(C), T„)-orbit in MatJ^„(C) intersects with Um,n 
one point. By using this transversal W^.n — * GI/m(C)\MatTO,ri(C)*/T„, we identify '%.m,n 
with a Zariski open subset of the affine space c^"'"^)^""'""^^ with canonical coordinates 
u = {uij)i<i<„i-i-m+2<j<n- Through the isomorphism A^(Xm „) C(m), the action of 
fi on A^(Xyyj^^) can be described explicitly in terms of the u variables. The following 
table shows how the simple reflections Sk (fc = 0,l,...,n— 1) transform the coordinates 
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1, . . . , TO — 1; J = m + 2, . . . , n): 

k^O : So{uij) = — , 

Uij 

fc = 1, . . . ,TO - 2 : Sk{uij) = 



fc = TO - 1 : Sm-l(Wij) 



1 



(i = 1, . . . ,TO - 2), 

(i = TO — 1), 



Wm-lj (9) 
h — TJl '. Smi'^ij^ — 1 ''^ij? 

^ (j=TO + 2), 

(.7 =m + 3,...,n), 
fc = TO + 2,...,n-l: Sk{uij) = Ui.skU)^ 

where Sfc(i) stands for the action of the adjacent transposition + 1) on the index 
i G {l,...,7i}. From this representation, for each w £ Wm,n we obtain a family of 
rational functions 

wiu,^,) = S^^^iu) (i = l,...,TO-l;j = TO + 2,...,n) (10) 

in the u variables; these functions satisfy the consistency relations 

Sl^ (u) = u,, , STf (u) = ST- {S- (u)) (11) 

for any i,j and w, w' £ Wm.n- 

If we regard the u variables as dependent variables (unknown functions), pU|) or 
equivalently (j^ can be regarded as a system of functional equations for Uij . Typically, 
we take a vector space V with canonical coordinates t = {ti, . . . ,t]\[), assuming that 
Wm,n acts linearly on V (from the right). If we regard the coordinate functions tj of V 
as the independent variables, then a solution of the system (|1U|I is nothing but a Wm.n- 
equivariant mapping ip : V —^ Xm,n- In Section^ we construct an elliptic solution of the 
system (tlUll in this sense, with V being the Cartan subalgebra i)m,n of the Kac-Moody 
Lie algebra associated with T2^m,n-m- 



3 Tracing the Cremona transformations 

Given a generic configuration [pi, . . . ,p„] of n points, let us ask how a general point of 
P™~i(C), as well as the configuration itself, is transformed by a successive application 
of standard Cremona transformations. In what follows, by a Cremona transformation 
we mean a birational transformation of P'™^^(C) obtained by a successive application of 
standard Cremona transformations. 

We now consider the relative situation with respect to the projection tt : X,„^„+i — > 
XjTi.n that maps [pi, . . . ,p„,p„+i] to [pi, . . . ,Pn]- This projection is Wm^„-equi variant rel- 
ative to the inclusion Wm,n C Wmm+i of Weyl groups. We as the parameter 
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space for Cremona transformations belonging to Wm,n, and the last point q = Pn+i as the 
general point in P'"~^(C) that should be transformed by such Cremona transformations. 
(This formulation has been used by |10j in the case (m, n) = (3,9).) Then, our question 
is how to describe [pi, . . . ,Pn,q]-w for each [pi, . . . ,p„, g] e „+i and w G Wm,n- By 
using the coordinates 



1 



U 





Vo 



for 



1 



10 1 Um-l,rn+2 

011 1 



(12) 



— 1 , n — 1 

1 1 / 



7n,n+l 1 



we parametrize the configurations [pi, . . . ,Pn] G ^m,n and the general points 



P™-i(C) as 
Pi = (1 : : 



0), 



(0 



: 1), prn+i = (1 : . . . : 1 : 1), 



Pj = (^ij u,n-i,j : 1) (j = m + 2, . . . , n), g = (^i : . . . : z„j_i : 1). 

Then for any w e W^m,ri the configuration [pi, . . . = [pi, . . . ,p„, is given by 



(13) 



Pj ^Pj (.? = 1, • • ■ ,"1+ 1), 

Pj = (w(uij) : . . . : ii;(M,„_ij) : 1) (j = rn + 2, . . . , n), 
g = (w(zi) : . . . : w(z,„_i) : 1). 



(14) 



In this sense, for each w G Wm.n the corresponding Cremona transformation of g = 
is determined as 

w{z,)^ RT{u;z) (^ = l,...,m-l), (15) 

in terms of rational functions R^{u]z) in the variables u — (uij)i<i<m-i;m+2<j<n and 
z = (zi, . . . , Zm-i). Note also that Rf{u; z) satisfy 



R]{u;z) = z„ R7'"'{u;z) = Rf{S'"{u);R'"{u;z)) 



(16) 



for any i and w,w' £ Wm^n- As we will see below, these Rf{u\z), regarded as rational 
functions in the variable z — (zi, . . . ,z„i_i), have a characteristic property concerning 
their multiplicities of zero at pi, . . . ,pn- 
Consider a free Z-module 



Lr. 



Zeo ® Zei ® • ■ • © Ze^ 



(17) 



of rank n + 1 with basis {eo, ei, . . . , e„}, and define a symmetric bilinear form ( 

Lm,n X Ljn,n * ^ by 

(eo I eo) = -(m - 2), (e^ | e^) ==1 (j 1, . . . , n), 
(ej I ej) ==0 (i,j = 0, 1, . . . ,n; i ^ j). 



(18) 



This lattice Lm,™ admits a natural linear action of the Weyl group Wm,n defined by 

Sfc.A = A - {hk I A) hk (A e L„,„) (19) 
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for each fc = 0, 1, . . . , rt — 1, where 

ho^eo-ei e^, hk = Ck - ek+i (fc = l,...,n). (20) 

Note that (hj \ h.j) 2 (j = 0, 1, . . . , n — 1) and that {{hi \ /ij))"jio (generahzed) 
Cartan matrix associated with the tree T2^m.n-m- For each 

K^deQ-viCi i^„e„ e L„i_„ (d, z^i, . . . , e Z) (21) 

we denote by -^^(A) the vector space over /C(Xm_„) consisting of aU homogeneous polyno- 
mials f{x) G K,{^rn,n)[x\ of degree d in m variables x — {xi, . . . , Xm) that have a zero of 
multiplicity > Vj at each pj (j = 1, . . . , n): 

deg f{x) = d, OTdpJ{x) >v, (j = 1, . . . , n). (22) 

Here we regard x = (a;i, . . . , Xm) as the homogeneous coordinate system for P'"~^(/C(Xm_„)) 
such that (zi : ... : -Zm-i : 1) = {o,\X\ : ■ ■ ■ : amXm) for some nonzero constants 
ai e /C(X„i,„) (i = 1, . . . , m — 1). Then we have 

Theorem 3.1 (1) Let Mm^n = W^m,n{ei, . . . , e„} be the Wm,n-orbit o/ {ei, . . . , e„} in 
Lm,n- Then for any A £ M„i,n, one has dim;c(x„ „) -^(A) = 1. 
(2) Given any element w G Wrn,n, take nonzero polynomials 

F,{x) e L{w.e^), G.i{x) L{wsQ.ei) (i = l,...,m). (23) 

Then one has 

{^{z,) ..... w{z„^.,) : 1) . (^c,^ : . . . : j (24) 

for some nonzero constants Ci £ /C(Xm,„) (i = 1, . . . , m). 

This theorem can be proved by decomposing each w G Wm,n into a product of simple 
reflections w = Sj-^ ■ ■ ■ , and then by lifting each Sj^, to the level of homogeneous 
coordinates. We remark that there is no canonical way a priori to define the action of Sj 
on homogeneous polynomials. This is the reason why we cannot specify the choice of Fi 
and Gi. We will return to this point later in Sectional in the context of r-functions for 
the elliptic Cremona system. In the case (m, n) = (3,9), for any A e Mm.,n a nontrivial 
element in £(A) can be constructed as a certain interpolation determinant (see Section 

EJ. 

As we have seen above, the birational action of Wm,n on Xm,n+i can be expressed in 
the form 

w{u^^j) = S^j{u), w{z,) = R^{u- z). (25) 

Formula 125|l can be thought of as a system of functional equations for the dependent 
variables z — {zi, . . . , z,„_i) including the u variables as parameters. Theorem 13.11 then 
implies that such a system of equations can be expressed as 

^ «• w ^ ;r:f|f|g|} (. = 1,....™-!) (26) 
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for each w G Wm,n, by means of homogeneous polynomials Fl^" G L{w.ei) and Gf G 
L{wsQ.ei) that are characterized by the degree and the multiplicities of zero at pi, . . . ,p„. 
(The dependence on the u variables is suppressed in this formula.) Note that any abelian 
subgroup of the Weyl group Wm,n gives rise to a commuting family of birational trans- 
formations on P™~^(C) parameterized by configurations of n points. Such a birational 
dynamical system (for the z-variables) could be called a discrete Painleve system associ- 
ated with point configurations in P'"~^(C). 

When the number 4 — (m — 2){n — m — 2) has the sign -l-,0, or — , the root system 
associated with the tree T2,m,n-m is of finite type, of affine type, or of indefinite type, 
respectively, in the sense of 0. In particular there are three cases (m,n) — (3,9), (4,8) 
and (6,9) of affine type; the corresponding root systems are of type e'^\ Ej^^ and E^^\ 
respectively. In these three cases, the configuration of n points can be parametrized 
generically by means of elliptic functions. Note also that the Weyl group Wm,n = W{E^^'') 
is then expressed as the semidirect product of the root lattice Q{Ei) of rank / and the 
finite Weyl group W{Ei) acting on it. We call the discrete dynamical system arising from 
the lattice part of Wm.n the elliptic difference Painleve equation of type (m,n). 



4 Linearization of the VFj^^ ^-action in terms of elliptic 
functions 

Let l}m,n = Lm.n ®z C the complexification of the lattice Lm,n- In this section we 
construct a Wm,n-equivariant meromorphic mapping (pm,n ■ hm,n — ^ ^m.n by means 
of elliptic functions. This mapping specifies a class of configurations of n points on 
an elliptic curve in P™~^(C), which is preserved by the action of Wm,n- In order to 
simplify the presentation, we assume m > 3. In this case the symmetric bilinear form 
( I ) • f)m.n X f)m,n ^ C is nondegcnerate, and f)m.„ is identified with the Cartan subalgebra 
of the Kac-Moody Lie algebra associated with the tree T2^m,n-m- 

We define the linear functions Sj (j = 0, 1, . . . , n) and aj (j = 0, 1, . . . , n — 1) on f)m n 

by 

^jih) = {ej\h), aj{h) = {hj\h) (/i G ()„,„). (27) 

We regard e = (eq, £i, . . . , £«) : f)m,n C"+^ as the canonical coordinates for The 
linear functions ao, ai, . . . , a„-i are the simple roots of the root system associated with 
T2,m,n-m- Notc also that the dual space ()^ „ = Ceq © Cei © • • • Ce„ has the induced 
symmetric bilinear form: (e^ | Sj) = (e^ | Cj) for any i, j G {0, 1, . . . , n}. The Weyl group 
Wm,n acts on \\rn,n and „ in a standard way: For each fc = 0, l,...,n — 1, 

Sk-h ^ h - {h,ak)hk (/i G (),„,„), Sk-X ^ X - {hk, X)ak (A G f)*j „), (28) 

where ( , ) : f)m,n x f)m n ^ is tbe canonical pairing. When we consider the right action 
of Wm,n on f)m,ra, wc use the convention h.w — w^^ .h for h G \)m,n and w G Wm,n- 

We now fix a nonzero holomorphic function on C, denoted by [x], assuming that [x] 
is odd {[—x] = —[x] for any x G C), and satisfies the Riemann relation: 

[x + y\[x ~ y\ [u -\-v\[u — v\ — [x + u] [x — li] [y + v\ [y — v\ — [x -\- v\ [x ~v\[y + u] [y — u] (29) 
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for any y, u, v <E C. If this condition is satisfied, the set f7 = {a G C | [a] = 0} of zeros 
of [x] forms a Z-submodule of C, and the function [x] is quasi-periodic with respect to fl. 
There are three classes of such functions; eUiptic, trigonometric and rational, according 
to the rank of CI: 

Elliptic case: [x] = ce°^V(a;; (fi = Zoji ® ZW2), 

Trigonometric case: [x]=ce"'^ sin(7rx/a;o) {CI = Zloo), 
Rational case: [a;] = ce"^ x {fl = {0}). 

Here (t(.x; Q) denotes the Weierstrass sigma function associated with the period lattice 
J7. In the context of discrete Painleve equations, these three cases correspond to the 
three types of difference equations (elliptic, trigonometric and rational). We will use this 
symbol [x] whenever the three cases can be treated simultaneously. 

Taking constants A G C and iJ = {fxi , . . . , fXm) S C™ such that [A] 7^ and [/Ltj —j-ij] 7^ 
(1 < i < j < m), we define a holomorphic mapping p^./i : C — > P'"~^(C) by 



[A][Mi-i] [A][Mm-i] 

m m — 1 

= {[X + m - tjJlluk - t] : . . . : [X + fim-tjJllnk-t]) 

fe=2 k=l 



(30) 



for any t gC. Thanks to the quasi-periodicity of [a;] , this mappin g induce s a holomorphic 

mapping p^^ : En = C/n P"~i(C). We denote by Ca,^ = Px,^,{C) C P'"-i(C) the 
curve obtained as the closure of the image of Pa,/i- Note that this curve passes the m 
coordinate origins in P™~^(C); in fact we have 

Pa,m(Mi) = (1:0:...:0), pa,m(m™) = (0 : . . . : : 1). (31) 

We also remark that Cx^^ is a smooth elliptic curve when rankfi = 2, and a singular 
elliptic curve with a node (resp. a cusp) when rankfi = 1 (resp. rankO = 0) at 
(1:...:1). 

We now consider a configuration of n points on Ca,^ C P™ ^ (C) defined as 

bi> • • • >Pn] = IPxA^i)^ ■ ■ ■ ,PxA^ri)] (32) 

by the coordinates Sj G C {j = 1, . . . ,n). Setting eq = X + Hi -\ h Hm, we assume that 

the parameters e = (eq, £1, . . . , e„) are generic in the sense 

[e, - Ej] 7^ 0, (1 < j < i < n), 

[so-Sn Ein.] 7^ (1 <ii < ... < jm < "-)• 

Then by the Frobenius formula 



det('%±^il^r = '-^ (34) 



l<z,j<m 
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for the function [x] , we see that the configuration [pi, . . . , p„] defined as above is in general 
position, and that its u coordinates are given exphcitly by 

l][£i,Tn+l] [Q^O + ^ij][£m,j] 
''^ ''^ [em,m+l][ao + £i,m+l] hj][ao + £mj] (35) 

(i = 1, . . . , m — 1; = m + 2, . . . , n) 

where e^.j — Ei — Sj for i,j e {!,..., n}, and ao = Sq — ei — ■ ■ ■ — £,„. Note that, 
by the passage to the double coset space Xm.n, the dependence of the configuration 
on the parameters A and fi = (/ii, . . . ,/im) has been confined in the parameter Eq = 
A + /ii + • • • + fim- Observe also that these functions Uij{E) are fi-periodic in all the 
variables Ej (j = 0, 1, . . . , n). 

Under the identification of the parameters e = (eq, ei, . . . , £„) with the canonical co- 
ordinates for t)m,m the construction described above implies two meromorphic mappings 

^m,n ■ f)m,ri ~ Lrn,n ®Z C > X„i,n, and 

_ (36) 

Vm.n ■ Ejn.n = L^.n (C/f2) > Xm^„. 

Note that, when e — (eq^E\^ . . . ,e„) G t}m,n is generic, the corresponding configuration 
¥'m,n(£) — [pi, ■ ■ • ,Pn] G '^rn.n is realized by an n-tuple of points on the elliptic curve 
Cx.fj, C P™~-^(C) for any choice of A, /x = {fii, . . . , /Xm) such that eg = A + /xi + • • ■ + fj-m- 
The meromorphic mapping ipm.n is equivariant by construction under the action of the 
symmetric group 6„ — (si, . . . , s„_i). Also, the equivariance with respect to sg is clearly 
seen by the explicit formula (|35|l for the u coordinates. Hence we obtain 



Theorem 4.1 The meromorphic mapping iprn,n '■ i)m,n — * '^■m,n {resp. ^rn,n '■ 
X,n,„) defined as above is Wm,n- equivariant with respect to the canonical linear action of 
the Weyl group Wm,n on \)m,n cind its nonlinear birational action on Xm,n by Cremona 
trans fo rm ations. 

This theorem means that the Jl-periodic functions H35() satisfy the equations 

u,^,{w{e)) = Sr^j{u{E)) {i = l,...,m-l;j = m + 2,...,n) (37) 

for any w € Wrn,n, where w{e) — {w{eo), wiEi), . . . , w(e„)). Namely, (|35ll give a solution 
of the system of functional equations (|10() for the u variables. 

As we discussed in the previous section, in the relative situation X„i_„+i —^ X„j,n, the 
birational action of Wm,n on lLm,n+i is expressed as 

w{u^^3) = S^ji^)^ Mz.) = RTiu; z). (38) 

By substituting Uij — Uij{E) as in (|35l) . we obtain a realization of Wm,n as a group of 
automorphisms of the field (£'„.„) (z) of rational functions in z with coefficients in the 
field of meromorphic functions on Em,n- 

wiz,) = Rf\E; z) (^ = l,...,m-l), (39) 

where we have used the notation Rf{E;z) again instead of i?™(u(e);z). We will refer 
to this system (I39f) of functional equations for the z variables as the elliptic Cremona 
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system of type (m, n). The action of the shiiple reflection Sk (fc = 0, 1, . . . , n — 1) on the 
z variables is now given as follows: 



fc = 0: so{zi) 



1 



Zi 



fc = l,...,m-2: Sk{zi) ^ Zg^(i^, 

Zi 



fc = m - 1 : Sm-i{zi) 



Zm—l 



(i = 1, . . . ,m - 2), 



k = TTl '. Sfni^i^ — 1 Zj, 



1 r ^ (40) 



fc = m + 1 : Sm+i{zi) 
fc = m + 2, . . . , 71 — 1 : sj; (zi) 



M-i,m+2(e) 



Note that the dependence on the e variables enters in the action of Sm+i- Also, from 
Theorem 14. II for the case of Hm.n+i with Sn+i — t, we see that the functions 

/ ,\ [o^O + £m,m+l][£i.m+l] [ao + £i — t][em - t] .. , , , 

Zi(e;t) = [I — 1, . . . ,fn — 1) (41) 

[£rn.7n+l\[ao + £Lm+l\ [£1 ~ [^0 + £m " 

satisfy the functional equations 

z,{w(e)-t)=Ki\e-z{e-t)) - 1, . . . , m - 1), (42) 

for any w £ Wm,n- Namely, H41|) provides a one-parameter family of solutions to the 
elliptic Cremona system H39|) of type (m, n). This solution will be called the canonical 
solution of the elliptic Cremona system, which corresponds to the vertical solutions in 
the context of differential Painleve equations. 



5 Tau functions for the elliptic Cremona system 

In the case of the elliptic Cremona systems as we introduced above, the homogeneous 
polynomials (cc) and Gf (x) in H26I) can be determined without ambiguity by means of 
the action of the Weyl group on the t -functions. In this section, we introduce a framework 
of r- functions for the elliptic Cremona systems, and show that the Weyl group action is 
translated into bilinear equations of Hirota-Miwa type for r-functions on the lattice. 

By using the natural linear action of Wm,n on f)^ we define the set of real roots 
by A^^';„ = W„,„{ao,Q;i, . . . ,a„_i}, and denote by K = C{[a];a £ A^^„) the field of 
meromorphic functions on t)m,n generated by [a] for all real roots a £ A^';„. 

In order to formulate r-functions for the elliptic Cremona system of type (m, n), we 
use two kinds of variables (indeterminates) /i, . . . , fm, which will be identified with a 
system of homogeneous coordinates for P™^^(C), and ri, . . . , t„ corresponding to the n 
points pi, . . . ,pn in the configuration [pi, . . . , p„] . We denote by 

£ = K(/i,...,/™;Ti,...,r„) (43) 
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the field of rational functions in the / variables and the r variables with coefficients in K. 
On this field £, we define the automorphisms sq, si, . . . s„_i as follows. These elements 
act on the coefficient field K through the canonical Wm,ra-action on the real roots: For 
each fc = 0, l,...,n — 1, 

Sk{[a]) = [sfe(a)] = [a- {hk, a)ak] (a £ A^°„). (44) 

The action of Sk on tj (j — 1, . . . , n) is defined by 

°^^^~lr, + (45) 

Sk{Tj) = T^j^Q) (fc = 1, . . . ,71 - l;j = 1,. . . ,7l). 

The action of Sk on = 1, . . . , to) is defined by 

soift) = y 

Sk{n)=fs,(r) (fc = l,...,m-l), (46) 
Skifi) ^ fz (A: = TO + 1, . . . 



and 



m,m+l]/m 

Tm+1 [ao][ei,m] 

(^-l,...,m-l), (47) 



Theorem 5.1 The automorphisms sq, Si, . . . , Sn-i o/>C defined as above satisfy the fun- 
damental relations for the simple reflections of the Weyl group Wm,n- 

This theorem can be proved directly by using the Riemann relation for [x] . 

We remark that the action of the Weyl group Wm.n preserves the subalgebra 

7e = 5[T±\...,r±i] CA (48) 

where 

S^^Sd, Sd = fi nfl/frn, . . . , frn-l/fm). (49) 



Consider the following elements in Sq: 



Zi 



fi {^i,m+l] 



a-m fm ' [ao + £ 



(i = l,...,TO), (50) 



so that 5*0 = K(2;i, . . . , z,„_i) and that (zi : . . . : z,„„i : 1) = (ai/i : . . . : a„ifm)- Then 
the action of (fc = 0, 1, . . . , n — 1) on these z variables coincides with the one given 
earlier in (|40|) . In this sense the / variables are thought of as normalized homogeneous 
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coordinates. We also remark that the / variables and the t variables for the canonical 
solution are given by 

fC^[ao0_^ (^-l'---'-)' rf^[e,-t] (j = l,...,n). (51) 

(We have used the superscript C to indicate that they are "canonical" , and also associated 
with the elliptic curve Ca,^.) 

It is also convenient to introduce another r variable tq and define Xi {i — 1, . . . , m) 
by the formula 

/. = ^^^ (* = l,...,m). (52) 

Tl ■ ■ ■ Tm 

To be more precise, consider the field of rational functions 

C = K{xi, . . . , x™; To, Ti, . . . , T„i) (53) 
and identify C with its subfield 

C = K(roa;i, . . . ,roa;™;Ti, . . . ,t„) (54) 

by the formula H52|l . The action of the symmetric group S„ — (si, . . . , s„_i) can be 
extended to C by setting 

Sk{xi) ^ Xs^{t) (/c = 1, . . . ,m - 1), Sk{x.i)^Xi (fc = 7n + 1, . . . ,n - 1) (55) 

for i = 1, . . . , TO, and 

[ao + 

rn, 771+1 J -^m /rr£?\ 

for z = 1, . . . , 771 — 1 and Sm{xm) — Xm- The action of S„ on the r variables are defined 
as 

Sfe(To) = To, Sk{Tj) = T^,(j) (j = 1, . . . , 7l) (57) 

for any fc = l,...,7i— 1. Note that the action of so £ Wm,n is defined only on the subfield 
C C C. The products ToXi C are transformed by so as follows: 

5o(toX,) = ^" ^w-2^" (i=l,...,TO). (58) 

(^Ti • ■ • Tjn ) 

We regard x — {xi, . . . ,x„i) as a normalized homogeneous coordinate system such 
that (zi : . . . : Zm^i ■ 1) = (oia^i : . . . : amXm)- Note that the canonical solution is given 

by 

To Xi = xf{t) = [ao +ei-t] ]J [sfc - t] (i = 1, . . . , m). (59) 
Accordingly, we define the x coordinates of the reference points pi , . . . , p„ by 

xiPj) = (a;f (Ej) : . . . : xg{ej)), xf (e^) = [ao + e^j] ]J [e^j], (60) 

l<.k<.m;k^i 
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for j — 1, . . . , 71. For each element 

A = deo-iyiei i^«e„ e L„j_„ (d, i^i, . . . , G Z), (61) 

we define the formal exponential by 



~ — ~0 ~1 ~n 



(62) 



Smcc fi = T^°Xi {i = 1, . . . , m), the algebra TZ can be expressed ahcrnatively as 

TZ^ ® IK(a;)dcg(A) t'^, ]K(a;)d = x^IK(xi/x™, . . . (63) 

where deg(A) stands for the coefficient d of cq in H61|l . In the x and r variables, the 
action of the Weyl group on TZ is described as follows: 

soiT^ifix)) = T^«-^ xf-^ • ■ • xf"- Xa:-^) (64) 

and 

Sfc(r^(^(x)) =T^-^Xsfc(x)) (fc = l,...,n-l) (65) 

for any ip{x) — ip{xi, . . . ,Xm) G IK(x)d, where ™(/3(x) stands for the polynomial obtained 
from (p{x) by applying w to its coefficients. The expression Sk{x) = (sfc(xi), . . . , Sk{xm)) 
{k = 1, . . . ,n — 1) should be understood in the sense of the action of (3„ on C described 
in (Eni and 

We are now ready to introduce the lattice r-functions for the elliptic Cremona system 
of type (m, n). We consider the Wm,n-orbit of the lattice point e„ in Lm,n'- 

Mrn.n = Wm.ndn = Wm,n{ei, ■ ■ ■ , e„} C (66) 

Notice that the stabilizer of e„ is Wm.n-i, and that t„ is Wm_„_i-invariant. Hence, for 
each A G Mm^n we can define an element t(A) — w(t„) G 7^ by taking any element 
w G Wm.n such that w.Cn — A. This family of (T(A))AgM„ „ of elements of TZ, indexed 
by the lattice points M^.n C im.n will be called the lattice r-functions for the elliptic 
Cremona system of type {m,n). These r-functions are determined by the condition 
r(ej) = Tj {j — 1, . . . ,n) together with the compatibility condition 

w{t{K)) - t{wA) (A G Af„,„; w G !¥„,„) (67) 

with respect to the action of Wm,n on Mm,n- By using 

„ Spin) T(e, + hp) 

fi = = r~\ — (z = 1, . . . ,r7i), (68) 

n T(ei) 

from the action of Sm (|47|) on the / variables we obtain the following bilinear relations 
for the lattice r-functions: 

i)T(e„i+i) 

= [ao -I- em,m-(-i] [£i,,„+i]T(/io + ei)T(em) (69) 

From this we obtain 
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[/3-7][A-/?-7] T{a)r{A-a) 
+ [7 - a] [A - 7 - a] T(6)r(A - b) 
+ [a- P][X~a- P] t{c)t{A - c) = 



r(A - c) 



Figure 1: Bilinear equations for the lattice r- functions 



Theorem 5.2 The lattice r-functions (r(A))AGM„ „ defined as above satisfy the follow- 
ing bilinear equations of Hirota-Miwa type : For any choice of mutually distinct indices 
i,j,k,li, . . .,lrn~2 e {1, . . .,n}, 

[ej\fc][A - £j - efe]T(ej)T(A - e,) + [efc^,][A - Sk - e,]T(ej)T(A - e^) ^^^^ 
+ [£i,i][A - ei - ej]r(efe)T(A - et) = 0, 

where A — cq — ei^ — ... — e;,^_2 oKii A = (A | ■) = ~ — • • • — £i„_2 • 
The lattice r-functions for the canonical solution are given simply by 

r^(A) = [A-i] with A = (A I •) e (71) 

for any A S Mm,n- In this case the bilinear equations in Theorem l5.2l recover the Riemann 
relation for the function [x\ . 

We also remark that these bilinear equations of Hirota-Miwa type characterize the 
lattice r-functions for the elliptic Cremona system. To be more precise, suppose that the 
natural action of Wm,n on K is extended to a field K. containing IK (as that of a group of 
automorphisms). If a family of nonzero elements (r(A))AeAf„ „ of /C, indexed by Mm^n, 
satisfies the two conditions (I67|l and 170|) . then the elements 

^_r(e^ + M (,^1^...^^)^ r,=r(e,) (j = l,...,n) (72) 
T(ej) 

of JC recover the relations H45|l - (|47|l for the action of Wm.n on £. 
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Recall that the algebra TZ is expressed as 

7e= ]K(a:)dcg(A) r'^. (73) 

As in Section |S1 for each A £ L^.n of the form Ht)l|) we define the K-vector subspace 
L(A) c K[x]d by 

LiA)^{f{x)€n^U\oTdpJix)>iy, (j = l,...,n)}, (74) 

with the reference points pj specified by the x coordinates as in 160|l . Then one can show 
that the subalgebra 

5=0 L(A) c 7^ (75) 

is preserved under the action of Wm^n- In fact each w G Wm,n induces a C-isomorphism 

w. : L(A) ^ L{w.A) r"''^ (76) 

for any A G L^.n- (This fact can be established by examining the cases of simple 
reflections sq, si, . . . , s„_i.) Since Tj G L{ej)T'^^ (j — l,...,n), the lattice r-function 
r(A) for A G M„i^n can be expressed in the form 

t(A) = <j){A; x), 0(A; x) G i:(A) (77) 

in terms of the original r variables tq, ti, . . . , t„ and the homogeneous coordinates a:i, . . . , 
Xm- We remark that this family of homogeneous polynomials (f>{A;x) (A G M„i^n) is 
determined uniquely by the following properties: 

0(ej;a;) = l {j^l,...,n), 

0(so.A; x) = xi""^ ■ ■ ■ xf- '"<P{A; x-i), (78) 

(j){sk.A; x) = ^'=0(A; Sk{x)) (fc = 1, . . . , n - 1), 

where A — deo — vici — ... — VnS-n- We sometimes refer to this family of polynomials 
0(A; x) as the r-cocycle. They correspond to what are called (j)-Jactors in 
Since = T^"Xi (i = 1, . . . , m), the formula H77|) is rewritten also into 

r(A) = r^-dcg(A)eo ^ x) = r^-dcg(A)'»o /) (79) 
in terms of the variables r^Xi or fi. For A as in H61|) . we have 

Note here that (/)(A; a;) is a homogeneous polynomial of degree d having a zero of multi- 
plicity > Vj at each pj (j = 1, ... ,71). In the case of the canonical solution, the above 
formula gives rise to 

0(A;a;C^(i)) = [A-i][ei-t]''i...[e„-r", A=(A|.). (81) 
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In this form, it is clearly seen that 0(A;a;'^(i)) has zeros at pi,...,p„ with expected 
multiplicities. 
Note that 

r(e, + hp) T{sQ.e^) 

implies 

T(w.ei) r^-ez (p(w.ei;x) (p[w.ei;x) 

for any w £ Wm^n- Hence, the action of w G Wm.n on the variables and 
Ti, . . . , T„ can be written in a closed form as follows: 

(f>{w.ei]f) (84) 

Also, from 

{zi : . .. : Zrn-i ■■ 1) = (ai/i : . . . : a„J„i), Ui = — ^g^^ 



we obtain 



{w(zi) : . . . : w(Zm-i) : 1) = w[ai)— r- : . . . : w(a„)— — (86) 

V (l)['w.ei;x) (p{w.em;x) J 

for any w £ Wm.n- This formula provides a refinement of Theorem 13. II for the elliptic 
Cremona system of type (m, n). 



6 Elliptic difference Painleve equation 

In the rest of this article, we confine ourselves to the elliptic Cremona system of type 
(3,9) which has the afRne Weyl group symmetry of type iSg^"*. The discrete dynamical 
system arising from the lattice part of VK(£'g^'' ) is the elliptic difference Painleve equation. 

The parameter space for the elliptic Cremona system of type (3, 9) is the 10-dimensional 
vector space 

f)3^9 = Ceo © Cei © • • ■ ® Ceg (87) 
with the nondegenerate symmetric bilinear form (• | •) • f)3.9 ^ f)3,9 ~^ C such that 

(eo I eo) = -1, (ej \ ej) = 1 (j 1, . . . , 9), , , 

(e,|e,)=0 (*,je{l,...,9};*^j-), ^ ' 

which we regard as the complexification of the lattice L^^g — Zeo © Zei © • • • © Zeg. We 
take the linear functions ej = [cj \ ■) {j — 0, 1, ... ,9) as the canonical coordinates for 
i)3.g, so that f)3 9 = Ceq © Cei © • • ■ © Ceg. The simple coroots hj e tj^ g and the simple 
roots aj — [hj\-) £ (33 g (j = 0, 1, . . . , 8) for this case are 

^0 = eo - ei - £2 - 63, hj = ej - e^+i (j = 1, . . . , 8), , . 

ao = eo - £1 - £2 - £3, aj=£i^£j+i (j = 1;---j8). 
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The 9x9 matrix {{hi, aj))^ is the Cartaii matrix of type E^^^ with the following 
Dynkin diagram. 




We denote by 



: c^^^JU^^^^^^^^ (90) 

ai Q!2 0:3 Oi as ag ay ag 



the corresponding root lattice. The afhne Weyl group Wa^g = {sq, si, . . . , ss) of type E'g"'^'' 
acts in a standard way on [)3.g and (33 g, so that the symmetric bilinear forms of ()3_g and 
f)3 g are both W3 g-invariant. The canonical central element 

c = 3eo - ei eg e [)3,g (92) 

is orthogonal to all hj {j — 0,1,..., 8), and hence W3_g-invariant. The corresponding 
Wa^Q-invariant element in l)^ g 

5= (c|-) = 3eo-ei £9 e f^^^g (93) 

is called the null root; it plays the role of the scaling constant for difference equations in 
the context of discrete Painleve equation. The set Agg = Ws^gjaoi cti: ■ ■ ■ i c^s} of real 
roots is now given by 

AP^°g = {±e,, +nS\l<t<j<9, neZ} 

U {±e,yfe +n6 \ 1 <i < j < k <9, n€Z}, 

where Eij — Si — ej and Sijk — Eq ~ Si — £j — Sk for i, j, fc e {1, . . . , 9}. For each real root 
a e A3 g, the reflection Sq : f)3 g — ^ 1)3 g with respect to a is defined by 

Sa(A) = A-(a|A)a (A G f)J,g). (95) 

Note also wSaW^^ — s^.a for any a G A^g and w £ W3_g. When a — Sij or Sijk, we 
denote the reflection Sa simply by Sij or Sijk, respectively. 

Following , for each a e Q^ q we deflne the translation Tq, : fig g ^ fig g by 

T,(A) = A + ((5|A)a- Q(a|a)(<5|A) + (a|A)^<5 (A e f)* g). (96) 

Note that 

T^{(3)=l3^{a\f3)S (a,/3eQ3,9), 

= TfsTa = Tq+^ (a, f3 G Q3,9), (97) 

wTqIu^i = Ttti.Q (a e (53,9 and w G W3,9). 

For any real root a G A^g, the translation Tq, can be expressed as the composition of 
two reflections Tq, — ss~aSa- From this fact it follows that Ta G W3_g for any a G 
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Qa.g- Furthermore, it is known that the afhne Weyl group W^^g is decomposed into the 
semidirect product of the root lattice 

Q3,8 = Zao ©Zai © ■ •• ® Za7 C (53,9, Qa.s ^ Q{Es), (98) 

and the finite Weyl group Wa^s — (so, si, . . . , sy) of type £"§ acting on Qa.s- In fact the 
correspondence {a,w) i— > TaW induces the isomorphism Q3.S x W^.s W^3,9 (see 
We remark that the action of Ta on fia 9 is expressed in the form 

T^{A)=A+{c\A)h-(^^{h\h){c\A) + {h\A)^c (A e ^3,9) (99) 

by using the element h G f)3,9 such that a — {h\ ■). When a — £,j or Syfe, we write 
the translation Ta simply as Tij or Tijk, respectively. In this case of {m,n) — (3,9), the 
W3,9-orbit -M3_9 — Wz,<j{ei, . . . , eg} C ^3,9 can be characterized as follows: 

M3,9-{AeL3,9 I (c|A) = -l, (A|A) = 1}. (100) 

Also, the correspondence a >— > T^.eg induces a bijection Qs^s ~^ -^^3,9- Any element 
A G ^3^9 can be expressed in the form 

A = dep — viei — ... — 1^969, d > 0, Vj > — 1 {j — \, . . . , 9). (101) 

In fact, except for the cases A = et (fc = 1, . . . , 9), the coefficients Vj are all nonnegative. 
As in the previous section, we consider the K-algebra 

7^ = S[Tt\ r±i], 5 = f^Kih/h, h/h) (102) 

of / variables and t variables. The standard Cremona transformation sq with respect to 
(pi,P2,P3) acts on the / variables and r variables as 

s.{h)-j (.- 1,2,3), .o(r,) = {:?^ (^ = I:5;6!V,8,9). ^'^'^ 

Among the 8 adjacent transpositions (fc = 1,...,8), S3 acts nontrivially on the / 
variables: 

/ . N T3 [£124] [£14] A - [£234] [£34] /a 

Ti [£l23j [£l3j 

^ (f \ - T3 [£l24][£24]/l " [£l34][£34]/3 Qn4) 
T4 [£l23j [£23j 

S3(/3) = —h- 
T4 

(Note that ao = £123-) Recall that the lattice r-functions (T(A))AgM3,9 ^'"^ defined as a 
family of dependent variables indexed by the M^s.g-orbit 

M3,9 = 1^3,9{ei,...,e9} = {AeL3,9 I (c|A) = -l, (A|A) = 1}. (105) 
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These r- functions t(A) are characterized by the consistency condition 

^(e,)=T, (j = l,...,9), w{t{A)) =t{wA) {A€M3,9;w(,W3,9) (106) 
with respect to the action of Ws.g on Afa g, and the bihnear equations 



[£jk][£jki]Tiei)Tieo - - e/) + [£fci][efeii]r(ej)r(eo - ej - e/) 
+ [£ij][£iji]T{ek)T{eo -Ck- ei) =0 



(107) 



for any mutuaUy distinct i,j,k,l G {1, . . . ,9}. These bihnear equations guarantee the 
equivalence of our formulation of the elliptic difference Painleve equation of type E^^^ to 
that of Ohta-Ramani-Grammaticos 15 on the Es lattice. 

We already know that the lattice r-functions can be expressed in the form 

t(A) = 0(A; x) ^ T^-^'=s(^)''°0(A; /), (j){A; x) G L{A). (108) 

where the x coordinates are defined by fi — T^°Xi {i — 1, 2, 3). When A = deo — viei — 
• • • — t'gCg, (j){A]x) is a homogeneous polynomial of degree d = deg(A), and for each 
= 1, . . . , 9 it has a zero of multiplicity > Vj at pj] the x coordinates of pj are now given 

by 

x{Po) = ([£23^] [e2j] [esj] : [eisj] [ey] [esj] : [ei2j] [ey] [£2j]) (j = 1, . . . , 9). (109) 

By the homogeneous polynomials 0(A; a;), the action of VKa^g on the algebra 7?. is described 
as 

u;(/0 =^^./»o-deg(^./,.o)/»o '^(^^o.e,;/) (,^1,2,3), 

nw-et-J) (110) 

W(rj) = T-'^-e.-dcgiw.e.jho (jj(^yj,e-J) (j = 1, . . . , 9). 

Recall that the z variables z = (zi, Z2) are recovered from the / variables by the formula 
and hence 

w zi) : u; Z2 : 1) = -p-r rr w(/i) : -p- rrW /2) : 7—. rMfa) (112) 

V F(£234) w(ei34) F(ei24) J 



for any w G Ws^g. This implies 
w{zi) 



[^«(ei4)][^«(£i24)] Gr{z)F^{z) 



Me234)][w{es4)]F^{z)G^{zy 

, . ^ [tn(£24)][z«(£i24)] G^{z)Ff{z) 
^ ^' [i.(ei34)][«^(e34)]F-(z)G-(z)' 

where F^{z) and Gf{z) are the inhomogenizations of ip{w.ei; f) and (j){wso.ei; /), respec- 
tively, by l|lll(l . The formulas l|110(l (resp. (|113|l ) for the translations w = Ta {a e (93, g) 
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give the eUiptic difference Painleve equation of type (3, 9) in the homogeneous form of / 
and T variables (resp. in the inhomogeneous form in z variables). In the following, we 
will mainly work with the homogeneous form (|110|l . 

Note that, for each A G Afa^g, the homogeneous polynomial 0(A; x) is characterized 
by its degree and the multiplicity of zeros at pi, . . . ,p9. Thanks to this fact, we are able 
to express (/!)(A; x) by means of an interpolation determinant. For each d = 0, 1, 2, . . ., we 
denote by 

rri,(.x) = (.x^)|^|^, = (.Tra:ra:r),,^+,,^+,3^, (114) 

the column vector of monomials of degree d in x = (xi, X2, xs). Note that the number of 
such monomials is given by 

dimKK[x]d= (^^2 " ^(^+l)('^ + 2)- (115) 
For each fc = 0, 1, . . . , we denote by 

mf (x) = (a:(x''))|H=.,|K|=fc - (C9:|5.^|(-r-r4^))|H=.,|.|=fe (116) 

the (''2^) X (^^2^) matrix defined by the partial derivatives md(x) of order k. (For fc < 0, 
we consider rn"^^ (x) as an empty matrix.) Given an element 

A = deo - vxe\ - ... - i^gcg G Afa^g, (117) 

we consider the homogeneous polynomial 

F(A; x) = det (m^^'-^\vi), m[''-'\p9),md{x)^ (118) 

of degree d in x = (xi,X2,X3), where m!'^\pj) stands for the matrix obtained from 
m!-^\x) by the substitution x = x{pj) as in pU9|) . Note here that 

9 . . 

for any A e A/a^g; this means that the number of column vectors in pi8|l is equal to C*^^) . 
Also, from dimK^(A) = 1 it follows that _F(A;x) is a nonzero polynomial. Combining 
this fact with the normalization condition (|71|l . we obtain the following theorem. 

Theorem 6.1 For each A G A/3.9, define the homogeneous polynomial F{A;x) in x = 
{xi, X2, X3) by the determinant (|118|l . Then, the specialization ofF{A;x) to the canonical 
solution x^ (t) is expressed in the form 

9 

F{A;x''{t))^CA[\-t]l[[e,-tp, X ^ (A\ ■) e 1)1,9, (120) 
i=i 

with a nonzero constant Ca £ K. With this normalization constant C\, the homogeneous 
polynomial 4>{A; x) G L{A) is expressed as the determinant 

^{A;x) = Cx'F{A;x). (121) 
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Let us consider the action of translations w ~ Ta (a 6 ^^%) on TZ: 

Taifi) = r^»-''o-dcg(T„./io)/!.o '/'(^a-(ei + hp); f) ^ 1,2,3), 

(f>{Ta.e.i] f) ' ' ' (122) 

T4t,) = ^T„.e,-dcg(T..e,)/.o 0(r„.e,;/) (j = 1, ... ,9). 

These formulas are the elliptic difference Painleve equations of type (3, 9) for the / and 
T variables. The polynomials <^(A; x) can be determined either recursively by (|78|l . or by 
using the determinants of Theorem 16. II In this sense, these polynomials are computable 
in principle. We will show later some explicit formulas for small 0(A; x). 
For a € Ag-^, the translation is defined by 

To,{A) = A-h+{l-(h\A))c (123) 

for any A e M^^g, where h € ^3,9, a — {h \ ■). (Note that {a\a) — 2.) As an example, we 
consider the case Tyg = Ta^ . (The argument below applies to any = T^. . for mutually 
distinct i, j £ {4, 5, 6, 7, 8, 9}). In this case, the discrete time evolution of the / variables 
by T^s can be written in the form 

T7sif.)= ^;li''f'fl (*- 1,2,3) (124) 

J2, J3) 

where Fi{x) — (j>{Tjs{ei); x) and Gi{x) — 4>{T'!^{ei + hp); x). For i = 1 we have 

778(ei) = 3eo - 62 - 63 - 64 - 65 - eg - 2ej - eg. (125) 

This means that Fi{x) = (j){Trs{ei); x) is a homogeneous polynomial of degree 3 with 
multiplicities of zeros (0,1,1) at (pi,P2,P3), and (1,1,1,2,0,1) at (p4,p5,p6,P7,P8,P9)- 
In particular Fi (x) can be written in the form 

Fi[x) — aoXi+aiXiX2 + a2XiX3 + a3XiX2 + aiXiX2X3 + a^xiX;^ + aeX2X3 + aTX2X^. (126) 

Observe that the monomials X2 and are missing in this formula; this is because Fi{x) 
should have zeros at p2 = (0 : 1 : 0) and P3 = (0 : : 1). (The coefficients Uk could 
be determined in principle from the pattern of multiplicities of zeros at (p4, . . . ,^9).) 
Similarly from 

T78(ei + ho) = 4eo - ei - 2e2 - 2e3 - 64 - 65 - ee - 2e7 - eg, (127) 

we see that Gi(x) is of degree 4. Since spT-j^{ei) — Tjs{ei + hp), we know that Gi{x) 
is in fact determined from Fi{x) as Gi(x) = x\x\x\ ''"F{x^^). These polynomials Fi{x) 
and Gi{x) are in fact too big to write down explicitly. A way to see this time evolution 
of the / variables is to decompose T78 into two steps by using the expression 

Tys^w"^, W = Sll'7S22'7S33'7S89S78, (128) 

where {1', 2', 3'} ~ {4, 5, 6}. If we set gi — w{fi), we obtain 

Qi{fi,f2, fs) rj, St{gi,g2,g3) , r, q\ /ioo\ 

^Tr~r~FT' ^78 /^ = ^-7 7 (i = 1,2,3 , (129) 

Pi(Jl,j2,j3) Rt[9l, 92,93) 
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where Pi{x) = 4>{w{ei);x) and Qi{x) — 4>{w{ei + /io);2;); Ri{x) and Si{x) are determined 
as Ri{x) — ^Pi{x) and Si{x) = ^Qi{x), by applying w to the cocfBcients. Since 

w{ei) = eo - ey - e^/, w{ei + ho) = 2eo - ei - 62 - 63 - Cj- - Cfc- (130) 

for {i,j,k} — {1,2,3}, we see that the corresponding ip{A;x) have degree 1 and 2, re- 
spectively. In fact we have 

0(eo -Ba- et; x) = - — - — j- -xi - - — -- — j- -X2 + 7 — 77 — 77 7X3 (131) 

[£l2j[ei3j[£l23j [£l2j[£23j[ei23j [£l3j [£23] [£l23j 

for 1 < a < 6 < 9, and 

(/)(2eo - ei - 62 - 63 - Ca - et; a;) 

_ [£23a] [£23!)] [£lafc] ^ ^ [£l3a] [£l3fc] [£2afc] ^ ^ [£l2a] [£l2fc] [£3a&] ^ (132) 

[£12] [£13] [£123] [£12] [£23] [£123] [£13] [£23] [£123] 

for 4 < a < 6 < 9. Hence we obtain the explicit formulas for Pi.Qi, Ri, Si/. 

p ,. ^ [£!»'] [£17] [£l»'7] ^ _ [£2»'][£27][£2»'7] ^ ^ [£3»'] [£37] [£3»'7] ^ 

[£12] [£13] [£123] ^ [£12] [£23] [£123] ^ [£13] [£23] [£123] ^' 
^ / N [£23i'][£237][£li'7] , [£l3i' ] [£l37] [£2i' 7] [£l2i'] [£127] [£3i'7] 

Qi{x) = — 77 — 77 pa;2X3 + — — -7 — pa;iX3 — -- — 77 ^xiX2, 

[£l2j[£l3j[£l23j [£l2j[£23j[£l23j [£l3j [£23j [£l23j 

^ /^N ^ [£a'][£l'79]K~l'8] ^_ [£»2'][£2'79][£t^/8] _ [£»3'] [£3'79] K^/sl ^ 

[£l'2'][£l'3'][£l23] ^ [£l'2'][£2'3'][£l23] ^ [£l'3'] [£2'3'] [£123] ^' 

c _ [£jfcl'][£2''3'8]K^l'8] ^ ^ , [£jfc2'][£r3/8][£i2'8] ^ ^ [£jfc3' ] [£r'2'8] [^tS's] ^ ^ 

Dil^xj — — ^a;2a;3 + — 77 77 ^a;ia;3 -, 77 77 ^xiX2 

[£l'2'J[£l'3'J[£l23j [£l'2'J[£2'3'J[£l23j [£l'3'J [£2'3'J [£l23j 

(133) 

for {i, j, k} = {1, 2, 3}, where e^-g = e^s - 5- 

We remark that the translation Ta for any a £ A^g can be expressed as Tq = v Trs 
for some v e Wa.g such that ^(ay) — a. If we introduce the dependent variables tpi = 
^{fi)^ i^i — '^{91) (* = li 2, 3), the discrete time evolution of these variables by Ta can be 
expressed in the same form as in the case of Tyg . 

Explicit description for the time evolutions of the elliptic difference Painleve equation 
is discussed also in |16| and [11 1 from different viewpoints. 

7 In terms of geometry of plane curves 

The discrete time evolution of type Tij (i, j e {1, . . . , 9}; i j) for the elliptic difference 
Painleve equation can be described by means of geometry of plane cubic curves. In this 
final section we give an explanation of this fact in the scope of this paper. 

Take three constants ci, C2, C3 e C such that 

[ci + C2 + C3] 7^ 0, [c,-c,]^Q (l<«<i<3), (134) 
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and set cq = — ci — C2 — C3. With these constants fixed, let us consider the holomorphic 
mapping p : C ^ P^(C) defined by 

p{u) ^ {xi{u) : X2{u) : X3{u)) (u G C), 
Xi{u) = [co + Ci - u][cj - u][ck - u] ({i,j,fc} = {1,2,3}). 

(By the quasi-periodicity of the function [u] , this mapping induces a holomorphic mapping 
p : E ^ C/il P^(C) as well.) We denote by Co = p(C) the plane curve obtained by 
the parametrization (|135|l . The defining equation for this curve Cq is given explicitly by 

[co + C3 - Ci] 2 , [co + C2 - Ci] 2 , [co + C3 - C2] 2 
-XIX2 + —r T-^xfx3 + — T-^XiX^ 



[C3 - Ci] [C2 - Ci] [C3 - C2 

, [cq] / [cq +C2~ C3]' [cq + C3 - Ci]' [cq + Ci - C2]' 
' [0]' ^ [C2 - C3] + [C3 - Ci] + [Ci - C2] 
[co + C2 - C3] ^ 2 ['^0 + Cl - C2] 2 , [co + Ci - C3] 



a;ia;2a;3 (136) 



a;ia;3 — a;2a;3 H — X2X3 — 0, 

[C2 - C3J [ci - C2J [ci - C3J 

where [u]' stands for the derivative of [u\. (The coefficient of X1X2X3 can be written in 
various ways.) We remark that this definition of p and Cq is related to that of p\^^ and 
Ca,/j for the case to = 3 in Section^ by the change of variables 

A = co, fJ-i^Ci + Y = 1)2,3), t = u+y. (137) 

In particular, the W3_„-equivariant meromorphic mapping (p^^n '■ f)3,n — > ^3,n can be 
realized by means of point configurations on one single curve Cq C P^(C): 

</'3,n(£) = [p('"i),---,p(-u„)], '"i=£j-y (j = l,---,"') (138) 

for each generic e = (eq, £1, . . . , £„) G f)3,n. Thanks to the condition Cg + Ci + C2 + C3 = 0, 
we see that a set of 3d points p{ai), . . -pia^^) on Cq is realized as the intersection of Cq 
and a curve of degree d if and only if [ai + ■ • • + 03^] ~ 0. In particular, three points 
p{ai) , p{a2) , pias) on Co are colinear if and only if [ai + 02 + 03] = 0. The affine Weyl 
group W^3,„ acts on these variables ui, . . . ,Un as follows: 



Sq[Uj) 



2 

- 3(^1 + ""2 + "3) (j = 1,2,3), 

1/ N / N (139) 

+ -(mi +^2 +U3) (J=4, ...,n). 

Sfc(uj) = UsfcO) (fc = 1, . . . ,n - 1; j = 1, . . . ,n). 

Before going further, we remark that any irreducible cubic curve in P^(C) can be 
obtained by a projective linear transformation from a curve of the form Co with [u\ 
and Cl , C2 , C3 appropriately chosen. In fact the curve Co is related with the Weierstrass 
canonical form of a cubic curve in the following way. Consider the case when rank $1 = 2, 
and for [u] take the Weierstrass sigma function a{u) = a{u; fl) associated with the period 
lattice = Zivi © Zuj2 ■ If we set 

UJ1+UJ2 UJi UJ2 , . 

Co = ^ , Cl = y, C2 = y, C3 = 0, (140) 
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then the parametrization of Co is given by 

Xl = a{u)a{c2 + u)a{c2 - u) = a (02)'^ a {uf{p{u) - p(c2)), 

X2 = a{u)a{ci + u)a{ci - u) = a{ci)^<T{uf{p{u) - p(ci)), (141) 
2^3 = o-(co - u)a{ci - u)a{c2 - w) = ~ ^a{co)a{ci)a{c2)a{u)^ p' (u) , 

where p{u) = p{u; fi) is the Weierstrass p function associated with il. Hence the curve 
C'o is transformed into the canonical form 

yivi = 4(2/2 - p{co)yi){y2 - p{ci)yi){y2 - p(c2)yi) (142) 
by the projective hnear transformation 

Xi = cr{c2f{y2-p{c2)yi), ^2 = ct(ci)2(?/2 - p(ci)2/i), 
X3 = -^(T{cf))a{ci)a{c2)y3- 

This imphes that any smooth cubic curve can be expressed in the form of Co up to a pro- 
jective hnear transformation. Note that through this transformation to the Weierstrass 
canonical form, formula l|139|l recovers the same Weyl group action in the parametrization 
by the p function as in |2Uj . 

In what follows, we consider the translation Tgg G Wa^g as an example, and describe 
the corresponding Cremona transformation in the language of geometry of plane curves. 
Namely, given an generic configuration [pi, . . . ,pg, q] G Xa^io, we explain in geometric 
terms how to specify p^, . . . ,pg and q in P^(C) such that 

[pi, . . . ,pQ,q].Ts9 = [pi, . . . ,Pg,q]. (144) 

We first consider the case where all the 10 points pi, . . . ,P9, q ~ pio are on a smooth 
cubic curve C. Given four points p, q,p' , q' G C, we say that p + q = p' + q' under the 
addition of C if the third intersection point of the line Lp^q^ passing through p, q, with C 
coincides with that of the line Lpi^qi. 

Lemma 7.1 Let [pi, . . . ,p9,pio] G '^3^10 be generic and assume that the 10 points pi^ . . . , 
pg,Pio are on a smooth cubic curve C. Then the action 0/ Tgg on [pi, . . . ,pg,pio] is 
expressed in the form 

[pi, . . . ,P7,ps,P9,PlQ].Tsg = [pi, . . . ,P7,P8>P9)Plo] (145) 

by using the three points pg,pg,PiQ G C that are determined by the following three condi- 
tions. 

(1) The 9 points pi, . . . ,ps,Pg form the base points of a pencil of cubic curves. 

(2) pg+pg = ps + pg under the addition of C. 

(3) Pg + Pio = Ps + Pw under the addition of C. 

In order to prove Lemma l7.1l by a projective linear transformation, we may assume that 
this curve C is of the form Co, and that the 10 points are parametrized as 

[pi, . . . ,pg,Pio] ^ [p{ui), . . . ,p{ug),p{uio)]. (146) 
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As we already know, such a configuration is transformed by Tgg into 

[Pl, ■ ■ ■ ,P9,Plo]-T89 = [Pi, • ■ • ,P9,Plo]: 

Pj = -P(^j), Uj = Tg9(uj) (j = 1, . . . , 10). 

Since 

Ts9{uj)^Uj (j = l,...,7), 

Tsg{us) ^ Us - S, Tsgiug) = U9 + S, 
Ts9{uw) = "10 + Us ~ Ug ~ S, 
Ui + ■ ■ ■ + Ug — —S, 

the new coordinates Uj (j ~ I, . . . , 10) are determined by the conditions 

(0) uj=u, (j = l,...,7), 

(1) ui + ■ ■ ■ + Us + uq = 0, 

(2) Us+U9=Us+Ug, 

(3) Ug +1*10 = Us + UlO- 



(147) 



(148) 



(149) 



Lemma 17.11 is a paraphrase of this characterization of Uj {j = 1, . . . , 10) in geometric 
terms. We remark that the point pg is determined only from pi, . . . ,p8, and does not 
depend on the position of pg, while pg depends essentially on pg. 
Lemma IV. II can be extended to the general case as follows. 

Theorem 7.2 Let [pi, . . . ,pg, q\ he a configuration of 10 points in P^(C) in general po- 
sition. Suppose that this configuration is generic, and take two smooth cubic curves Cq 
and C such that 

Pl, . . . ,ps,P9 & Co, and pi, . . . ,ps,q G C, (150) 

respectively. Then the action of the translation Tgg on the configuration [pi, . . . ,pg,q\ S 
X3.10 'is expressed as 

[pi, . . . ,pg,q].Tsg = [pi, . . . ,P7,p^,Pg,q], (151) 

in terms of the points Pg,Pg on Cq and q G C that are determined by the following 
conditions : 

(1) The 9 points pi, ■ . ■ ,PsiPg G Co form the base points of a pencil of cubic curves. 

(2) Under the addition of Cq, Ps +Pg = Ps + Pg- 

(3) Under the addition of C , pg + q = ps + q- 

In particular pg is determined as the ninth point in the intersection of Cq and C . 
From Lemma l7. II applied to Cq, we have 

[pi,... ,P7,ps,Pg]-Tsg = [pi, . . . ,P7,Ps,Pg] (152) 

with Ps,Pg G Cq determined by the conditions (1), (2) of Theorem 17.21 (This part does 
not depend on the tenth point.) Hence, the action of Tgg on [pi, . . . ,ps,P9, q] can be 
written as 

[pi, . . . ,p7,ps,P9,q].Ts9 = [pi, . . . ,P7,Pg,Pg,a] (153) 
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for some q E P^(C). We remark here that Tgg can be expressed in the form 

Ts9^WSs9, W = S128S348S567S348S128 G ^3,8, (154) 

where 1^3,8 = (sq, si, . . . , S7). Hence, by applying S89 sg.io G W^3,io to p53|) from the 
right, we obtain 

[pi,...,P7,Ps,q,P9]-w =[pi,...,p7,pg,q,%] in X3,io. (155) 

(Note that sg,io commute with w £ M^3,8-) Since w G 14^3,8; this formula projects to 

[pi,...,pj,ps,q].w =[pi,...,p7,pg,q] in X3^9. (156) 

This implies that q does not depend on pg. (This fact can be seen clearly in formula 
H133|) for T78. In fact, none of the polynomials Pi,Qi, Ri, Si depends on the parameter 
£8-) Hence, by considering the configuration [pi, . . . ,ps,Pg, q] on C with pg replaced for 
pg, we have 

[pi,...,P7,P8,Pg,q].Ts9 = [pi,...,P7,ps,P9,q]. (157) 

(The 8th and 9th components remain invariant since pi, . . . ,ps,P9 are already the base 
points of a pencil of cubic curves containing C.) Then by applying Lemma l7. II to C, we 
conclude that q is determined by condition (3). 

Geometric description of discrete time evolutions of type Ty as described above is 
proved in by a more geometric argument based on the results of [HI and ^^l- We 
remark that this geometric approach has been employed in the study of hypergeometric 
solutions to elliptic and multiplicative discrete Painleve equations in [7], |H1- It is also 
used by in order to clarify the relationship between the elliptic difference Painleve 
equation and the integrable mapping of Quispel- Roberts-Thompson jl7| . 
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